in CP 2 , with 0 < β j < 1 satisfying natural constraint conditions, we show the existence of a Ricci-flat Kähler metric g RF with cone angle 2πβ j along each line L j asymptotic to a polyhedral Kähler cone at each multiple point. Moreover, we discuss a ChernWeil formula that expresses the energy of g RF as a 'logarithmic' Euler characteristic with points weighted according to the volume density of the metric.
Introduction
Consider a weighted line arrangement L = {(L j , (1 − β j ))} n j=1 in CP 2 . We assume that L j = L k if j = k and that 0 < β j < 1 for all j. Let S = ∪ i {x i } be the finite set of points where two or more lines intersect. Elements in S are referred as the multiple points. Write
k=1 ⊂ L for the lines going through x i ∈ S, where the number of lines d i ≥ 2 is the multiplicity of x i . We assume that for any multiple point with d i ≥ 3 the Troyanov conditions are satisfied:
(1)
We restrict to the Calabi-Yau (CY) regime:
(1 − β j ) = 3.
In affine coordinates centered at x i we have d i complex lines of the arrangement going through the origin in C 2 which correspond to d i points in the Riemann sphere. If d i ≥ 3 the Troyanov constraints 1 and 2 guarantee the existence of a unique compatible spherical metric on CP 1 with cone angles
k=1 at these points, see [31] and [42] .
1
The spherical metric lifts through the Hopf map to a polyhedral Kähler (PK) cone metric g F i on C 2 with its apex located at 0 and cone angles 2πβ i k along the d i complex lines, see [34] and also [12] . If d i = 2 we set the PK cone g F i to be given by the product C β i 1 × C β i 2 of two one dimensional cones. We denote by r i the intrinsic distance to the apex of g F i . Our main result is the following: Theorem 1.1. There is a unique (up to scaling) Ricci-flat Kähler metric g RF on CP 2 with cone angle 2πβ j along L j for j = 1, . . . , n asymptotic to g F i at x i for each i. More precisely, there is µ > 0 and affine coordinates Ψ i centred at x i such that
) as r i → 0. In algebro-geometric terms our angle constraints given by equations 1 and 3 are equivalent to say that (CP 2 , n j=1 (1 − β j )L j ) is a log CY klt pair. This pair admits a unique up to scale weak Ricci-flat singular Kähler metric g RF , see [15] . This weak solution has locally defined continuous Kähler potentials which admit a poly-homogeneous expansion (see [20] , [17] ) at points of L × j , where L × j = L j \ ∪ i {x i }. From this point of view our theorem 1.1 provides, under the extra condition given by equation 2, a more precise description of the asymptotics of the metric g RF at the multiple points of the arrangement. The constraint specified by equation 2 can be interpreted as a restriction to the case when there is no 'jumping' of the tangent cone or, equivalently, as a stability condition for x i ∈ S thought of as a singularity of the klt pair. Remark 1.1. Our main theorem can be seen as a certain analogous in the logarithmic setting of the result of Hein and Sun for conifold Calabi-Yau varieties [19] . However, from one hand, we do not assume smoothability conditions but, on the other, we crucially restrict ourself to the two dimensional log case.
The asymptotics in equation 4 give us the following: Corollary 1.2. The metric completion of (CP 2 \∪ n j=1 L j , g RF ) is homeomorphic to CP 2 . The tangent cone at x i agrees with g F i , and the volume density at this point is equal to
with 0 < γ i < 1 given by (6) 2γ i = 2 +
(β i k − 1).
Remark 1.2. Our proof of theorem 1.1 does not make any substantial use of the fact that the ambient space is CP 2 and the conical divisor is made up of lines (see theorem 7.1). Thus our results can be extended with minor changes to the more general situation of a 2-dimensional log CY klt pair in which every singular point of the conical divisor is 'stable' in the sense that it has a neighborhood which is mapped to a neighborhood of the apex of a PK cone via a biholomorphic map that matches the conical sets according to their angles. In the setting of theorem 1.1, this condition is guaranteed by equation 2. More generally, our technique extends to cover also, for example, the case of a cusp singularity with cone angle 2πβ in the range 1/6 < β < 5/6. See last section 7 for more details.
Let us briefly describe the ideas in the proof of our main theorem 1.1.
Outline of proof of theorem 1.1. In affine coordinates (ξ 1 , ξ 2 ), say, we have defining equations for the lines L j = {ℓ j = 0} given by nonzero affine functions ℓ j (ξ 1 , ξ 2 ) for j = 1, . . . , n. We have the locally defined holomorphic volume form The real volume form dV = Ω∧Ω is globally defined and is independent of the choices made up to scaling by a constant positive factor. The requirement that n j=1 (1 − β j ) = 3 implies that dV is singular only along the lines L j and has poles of the required type. We are looking for a Kähler metric 1 By standard abuse of language, we identify the Kähler metric with its corresponding Kähler form: if g * is the metric then ω * is the corresponding (1, 1)-form.
To solve equation 8 we use Yau's continuity path [43] , mixing techniques present in different extensions of Yau's work on the Calabi conjecture to the context of: metrics cone singularities along a smooth divisor ( [6] and [20] ), conifolds ( [19] ) and ALE spaces ( [23] ).
Thus we first develop the relevant linear theory, that is a Fredholm set-up for the Laplace operator of ω ref in weighted Hölder spaces adapted to our singularities. This parallels the corresponding theory for Riemannian conifolds as developed in [22] , [4] , [19] , [33] with the multiple points playing the rôle of the conifold points. The arguments in this section rely in a fundamental way on Donaldson's interior Schauder estimates [13] . The main result in this section is proposition 4.5.
We set up the continuity path and prove the relevant a priori estimates. We let T be the set of t ∈ [0, 1] such that there is u t with ω 2 t = c t e tf 0 ω 2 0 where ω t = ω 0 + i∂∂u t , ω 0 a suitable initial metric and ω t satisfies the asymptotics 4 with respect to Φ i,t = Φ i • P i (t) −1 with P i (t)(z 1 , z 2 ) = (λ i,1 (t)z 1 , λ i,2 (t)z 2 ) for some λ i,1 (t), λ i,2 (t) > 0 and λ i,1 = λ i,2 if d i ≥ 3. The theorem follows once we show that the functions u t remain uniformly bounded (in a suitable sense) with respect to t. Our initial metric ω 0 has bounded Ricci curvature and along the continuity path we have Ric(ω t ) = (1 − t)Ric(ω 0 ), therefore we have a uniform lower bound on the Ricci curvature Ric(ω t Applications and perspectives. We discuss how the polynomial decay of the CY metric suggests that their energy (i.e., the L 2 -norm of the curvature) can be a-priori computed by considering a log version of the Euler characteristic which takes in account the value of the metric density at the multiple points, see formula 51. We compute such invariant in the generic normal crossing case, and moreover we verify it agrees with previous formulas available in the literature [40, 34] .
Finally, we describe the more general picture we expect to hold for KEcs metric on surfaces. In particular, we focus on the problem of determining the tangent cone at the singular points of the curve when jumps should occur. This relates to the recent theory of normalized volumes of valuations [27] . We compute the expected jumping in some typical situations: irreducible case, many lines, non-transverse reducible case, showing how the metric tangent cones should jump when we vary the cone angles parameters.
We also propose a differential-geometric derivation of a logarithmic version of the Bogomolov-Myaoka-Yau inequality, i.e., a generalization of the previously discussed energy formula where we again weight singular points of the curve with their metric density or, equivalently, with the infimum of the normalized volume of valuations, even when jumps are expected to occur), compare formula 58. Somehow remarkably, such formula matches with previous versions obtained by purely algebraic means (see [26] ), and it would have the advantage to characterize geometrically the equality case with surfaces of conical constant holomorphic sectional curvature.
Organization of the paper.
• Background: section 2 and appendix A. In section 2 we recollect preliminary material on Kähler metrics with conical singularities along a smooth divisor (following [13] ) and PK cones (following [34] ). The statement of theorem 1.1 should be clear after this section. We have also added in appendix A a short overview on the theory of polyhedral metrics on the projective line, as a sort of precedent to theorem 1.1.
• Main result: sections 3, 4, 5. The proof of theorem 1.1 take us sections 3 (reference metric), 4 (linerar theory) and 5 (continuity method).
• Conjectural picture: sections 6 and 7. We discuss the energy formula in section 6, and describe the general picture of KEcs metrics on surfaces, jumping of tangent cones, and applications to a generalized log Bogomolov-Miyaoka-Yau formula in the final section 7.
2. Background 2.1. Kähler metrics with conical singularities along a smooth divisor. Fix 0 < β < 1. On R 2 \ {0} with polar coordinates (ρ, θ) we have the metric of a cone of total angle 2πβ with apex located at 0
There is an induced a complex structure on the punctured plane given by an anti-clockwise rotation of angle π/2 with respect to g β . A basic fact is that we can change coordinates so that this complex structure extends smoothly to the origin. Indeed, if
We denote by C β the complex numbers endowed with this singular metric. On C 2 we have the product metric g (β) = β 2 |z 1 | 2β−2 |dz 1 | 2 + |dz 2 | 2 with cone angle 2πβ along {z 1 = 0}. The vector fields v 1 = |z 1 | 1−β ∂ z 1 and v 2 = ∂ z 2 are orthogonal and have constant length with respect to g (β) .
Let X be a closed complex surface, C ⊂ X a smooth complex curve, g a smooth Kähler metric on X \C and p ∈ C. Take complex coordinates (z 1 , z 2 ) centred at p and adapted to the curve in the sense that C = {z 1 = 0}. In the complement of C we have smooth functions G ij given by
Definition 2.1. We say that g has cone angle 2πβ along C if for every p and adapted complex coordinates (z 1 , z 2 ) as above, the functions G ij admit a Hölder continuous extension to C. We also require the matrix (G ij (p)) to be positive definite and that G 12 = 0 when z 1 = 0. In particular, it follows that in adapted complex coordinates
The metric g has an associated Kähler form ω that defines a closed current and therefore a de Rham cohomology class [ω] . Around points in C there are local Kähler potentials ω = i∂∂φ with φ ∈ C 2,α,β (see [13] ). The metric g induces (in the usual way) a distance d on X \C and it is straightforward to show that the metric completion of (X \ C, d) is homeomorphic to X. The metric tangent cone at points on the curve is g (β) . Furthermore, Definition 2.1 is well suited to the development of a Fredholm theory for the Laplace operator of g in Hölder spaces, see [13] and section 4.
There are two types of coordinates relevant in our context: The first is given by adapted complex coordinates z 1 , z 2 . In the second one we replace the coordinate z 1 with ρe iθ by means of equation 9 and leave z 2 unchanged. We refer to the later as cone coordinates. In other words, there are two relevant differential structures on X in our situation. One is given by the complex manifold structure we started with, the other is given by declaring the cone coordinates to be smooth. The two structures are clearly equivalent by a map modelled on (ρe iθ , z 2 ) → (ρ 1/β e iθ , z 2 ) in a neighbourhood of C. Note that the notion of a function being Hölder continuous (without specifying the exponent) is independent of the coordinates we take, therefore there is no ambiguity in Definition 2.1.
The following lemma provides us with a large class of examples of metrics with conical singularities: Lemma 2.2. Let η be a smooth (1, 1)-form and F a smooth positive function on B (the unit ball in C 2 ), assume that η(∂ z 2 , ∂ z 2 )(0) > 0 and define
There is ǫ > 0 such that ω is a Kähler metric on ǫB with cone angle 2πβ along {z 1 = 0} in the sense of definition 2.1. Moreover, if η is positive on B then the bisectional curvature of ω is uniformly bounded above on (ǫ/2)B.
Proof. The statement about the conical singularities follows from the computation
defines a smooth Kähler metric in a neighborhood of 0 in C 3 . Remove a ray in the complex plane corresponding to the z 1 variable and let Φ(z 1 , z 2 ) = (z 1 , z 2 , z β 1 ). The pullback of Γ by Φ is independent of the branch of z β 1 that we use and ω = Φ * Γ. The upper bound on the bisectional curvature follows from the well-known fact that the bisectional curvature of a complex submanifold of a Kähler manifold is less or equal than that of the ambient space. This argument is presented in [35] . Lemma 2.2 give us the following class of 'standard reference metrics': Example 2.3. Let η be a smooth Kähler form on the closed compact manifold X and h a smooth Hermitian metric on the line bundle
h . If we take δ small enough then ω defines a Kähler metric with cone singularities as in Definition 2.1 in the same de Rham cohomology class as Ω. The metric ω is, up to quasi-isometry, independent of the choices of η, δ, s and h. The bisectional curvature of ω is uniformly bounded from above.
The upper bound on the bisectional curvature of the reference metric ω plays a crucial role in the proof of existence of Kähler-Einstein metrics (see [20] ). It follows from the computations in the appendix of [20] that the sectional curvature of ω is unbounded below; since we have an upper bound on the sectional curvature it then follows that the Ricci curvature of ω must be unbounded below.
Polyhedral Kähler cones (
2 going through the origin and 0 < β j < 1 satisfy the Troyanov conditions 1 and 2, which we rewrite concisely as:
It follows from [42] and [31] that there is a unique compatible metric g on CP 1 with constant Gaussian curvature 4 and cone angle 2πβ j at L j for j = 1, . . . , d (uniqueness is up to pull-back by dilations if d = 2). We cut g along geodesic segments with vertices at all the conical points to obtain a contractible polygon P which is isometrically immersed by its enveloping map in S 2 (1/2), the round 2-sphere of radius 1/2. It follows from Gauss-Bonnet that the total area of P is equal to πγ where 0 < γ < 1 is given by
Recall that H is a Riemannian submersion from S 3 (1) to the projective line with its FubiniStudy metric CP 1 ∼ = S 2 (1/2). Since P ⊂ S 2 (1/2) is contractible, the universal cover of H −1 (P ) ⊂ S 3 (1) is diffeomorphic to P × R and its inherited constant curvature 1 metric is invariant under translations in the R factor. The planes orthogonal to the fibres define a horizontal distribution, hence a connection ∇ on P × R. The holonomy of ∇ along ∂P is equal to the parallel translation by twice the area of P . On the other hand for any l > 0 we can take the quotient of P × R by lZ to obtain a metric g of constant curvature 1 on P × S 1 such that all the fibres are geodesics of length l. Consider the metric g on P × S 1 with l = 2Area(P ). The holonomy of the fibration along ∂P is trivial -as it makes one full rotation-and the identification of ∂P which recovers g can be lifted using a parallel section to ∂P × S 1 to obtain a metric g on S 3 . The upshot is that g is a constant sectional curvature 1 metric on S 3 with cone angles 2πβ j along the Hopf circles L j and H : (S 3 , g) → (CP 1 , g) is a Riemannian submersion with fibers of constant length 2πγ (so the total volume of g is 2π 2 γ 2 ). We write Y = S 3 and consider the Riemannian cone with link (Y, g), that is the space C(Y ) = R >0 × Y endowed with the metric g F = dr 2 + r 2 g. There is a parallel complex structure and canonical global complex coordinates (z, w) which give a biholomorphism C(Y ) ∼ = C 2 and map the singular locus of g F to the complex lines L 1 , . . . , L d we started with.
The radius function is homogeneous in complex coordinates. For every λ > 0 (13) r(λz, λw) = λ γ r(z, w), r∂ r = 1 γ Re (z∂ z + w∂ w ) .
We denote the associated Kähler form by ω F = (i/2)∂∂r 2 and the Reeb vector field by ξ = I(r∂ r ) = (1/γ)Im (z∂ z + w∂ w ).
Following [34] a PK cone C(Y ) is a Polyhedral Kähler manifold which is also a metric cone. These are divided into three types according to the behaviour of the orbits of the Reeb vector field ξ:
(1) Regular. These agree with the g F described above.
(2) Quasi-regular. These are pull-backs of a regular cone by some branched degree pq map (z, w) → (z p , w q ) with p and q positive integers. (3) Irregular. C(Y ) = C β 1 × C β 2 with β 1 /β 2 irrational. We also allow β 2 = 1. The outcome is that PK cones correspond to spherical metrics with cone singularities in the projective line by means of the Kähler quotient construction with respect to the S 1 -action generated by the Reeb vector field, except in the irregular case. The metric on CP 1 is lifted through the Hopf and Seifert maps in the regular and quasi-regular cases respectively.
The volume density of a PK cone with link (Y, g) is defined as
where Vol(S 3 (1)) = 2π 2 is the total volume of the round 3-sphere of radius 1. In the regular case ν = γ 2 with γ given by equation 12. For quasi-regular cones ν = pqν withν the volume density of the corresponding regular cone. In the irregular case ν = β 1 β 2 . Claim 3.1. There is a constant C > 0 such that
If u is a real function we have the identity
We let u = |s 1 | 
Let r 2 be the Kähler potential for the corresponding P K cone metric at x i which we think as defined on 3B i via Φ i . Claim 3.2. There is C > 0 such that
It follows from claim 3.1 that we only need to verify the assertion on the set ∪ i (2B i \ B i ). On the other hand at each point p of L j lying on the compact annulus 2B i \ B i we can write (in complex coordinates such that
and F is a smooth positive function uniformly bounded below in a neighbourhood of p. The claim follows from i∂∂u ≥ ui∂∂ log u = ui∂∂F .
Similarly to [1] , we have:
There is a smooth non-negative (1, 1)-form η 0 ≥ 0 such that η 0 = η on CP 2 \ ∪ i 2 −1 B i and η 0 ≡ 0 on ∪ i ǫB i for some ǫ > 0.
Proof. We can assume that in the coordinates Φ i we have η = i∂∂φ with φ = |z| 2 +φ withφ = O(|z| 3 ). Let ψ be a standard cut-off function with ψ(t) = 0 for t ≤ 1 and ψ(t) = 1 for t ≥ 2. For δ > 0 define ψ δ (t) = ψ(δ −1 t) and set φ δ = |z| 2 + ψ δ (|z|)φ. Note that |∂∂(ψ δφ )| = O(δ). If we take δ sufficiently small then (in an obvious notation) η eu = i∂∂φ δ is positive, it agrees with the euclidean metric on ∪ i δB and η eu = η on CP 2 \ ∪ i 2δB i . Let ǫ > 0 and set Ψ a smooth positive convex function with Ψ(t) constant for t ≤ ǫ 2 and Ψ(t) = t for t ≥ 4ǫ
)i∂∂|z| 2 ≥ 0 agrees with the euclidean metric on the complement of the ball of radius 2ǫ and vanishes on the ball of radius ǫ. Finally we take ǫ << δ and set (in an obvious notation)
We are now in position to define our reference metric, for δ > 0 we set (17) ω The key point is to derive a uniform upper bound at points in L j ∩∂(ǫB i ). We can reduce to the model situation that we study in the following section.
3.2.
Upper bound on the bisectional curvature. On C 2 we consider the model case ω = i∂∂φ where
and ψ is a standard smooth cut-off function with ψ(s) = 0 for s ≤ 1 and ψ(s) = 1 for s ≥ 4. We shall see that ω is indeed positive on {|z 1 | < ǫ} × C and has bisectional curvature uniformly bounded above. The metric ω interpolates between the flat model ω (β) (when |z 2 | < 1) and the negatively curved metric ω euc + i∂∂|z 1 | 2β (when |z 2 | > 2). We can write ω = η + i∂∂|z 1 | 2β with η > 0 in |z 2 | > 1. It follows from lemma 2.2 that the bisectional curvature of ω is uniformly bounded above on compacts subset of |z 2 | > 1. The point of this section is to show a uniform upper bound on the bisectional curvature of ω around of points (z 1 , z 2 ) with z 1 = 0 and |z 2 | = 1, where lemma 2.2 does not apply. The details go as follow:
Let ψ be a standard smooth cut-off function with ψ(s) = 0 for s ≤ 1 and ψ(s) = 1 for s ≥ 4. We have 0 < ψ(s) < 1 and 0 < ψ ′ (s) if 1 < s < 4. There is some constant C > 0 such that (ψ ′ ) 2 ≤ Cψ, indeed in a neighbourhood of 1 we write s = 1 + x and we can assume that ψ = e −1/x for x > 0 so the bound follows easily. On C 2 we consider the potential
Note also that η ≥ 0 in U, it agrees with |dz 2 | 2 if |z 2 | < 1 and with the euclidean metric if |z 2 | > 2.
Next we consider
and (22) det
In R \ U we have ω = ω (β) and in U we can write ω = ı * µ with
) and µ is a Kähler form in U × C. We have uniform upper bounds on the bisectional curvature of ω over compact subsets of U. We want to show that the bisectional curvature of ω is uniformly bounded above in a neighbourhood of {|z 2 | = 1} ∩ R. That is, we want to bound g ij g kl R ijkl (no summation) for each i, j, k, l = 1, 2 where
The only unbounded derivatives of the metric are the ones with all indices equal to 1. It suffices to bound g 11 g 11 R 1111 , g 11 g 12 R 1112 and
• R 1111 . It follows from equation 21 and 22 that g 11 = (det g)
2−2β and therefore
We also have
. We conclude that
and g 11 g 11 R 1111 ≤ C. More precisely, we have
. This is unbounded below if β > 1/2, we note that |Rm| = O(ρ 1/β−2 ) with ρ = |z 1 | β as is expected in the general case of conical metrics which admit a poly-homogeneous expansion.
Finally we consider the case of our reference metric ω = ω ref given by equation 17. We have uniform upper bounds on the bisectional curvature on compact subsets of {η 0 > 0}. Since ω is isometric to a PK cone in the interior of {η 0 = 0} it is enough to obtain a uniform upper bound in neighbourhoods of points p ∈ L j ∩ ∂(ǫB i ). In a small ball around p we have ω = η 0 + ω F i . We take holomorphic coordinates with p ∈ {z 1 = 0} such that
The coefficients of ω are
where η ij are the coefficients of the smooth (1, 1)-form η 0 . We recall that η 0 ≥ 0, η 0 ≡ 0 on ǫB, η 0 > 0 on the complement of ǫB and p ∈ ∂(ǫB). We want to bound above the quantities g ij g kl R ijkl . Same as before the only unbounded derivatives of the metric are the ones in which all indices are equal to 1. We also have (23) det
Same as before we have 
with its line at infinity L ∞ different from any of the lines L j from the arrangement, then we can write L j = {ℓ j = 0} over U for some nonzero affine functions ℓ j (ξ 1 , ξ 2 ) and j = 1, . . . , n. Similarly to what we did in section A, we introduce the locally defined holomorphic volume form
The requirement that n j=1 (1 − β j ) = 3 implies that Ω extends to L ∞ as a locally defined defined holomorphic section Ω ∞ of O(−3)| L∞ . At points of intersection of L j with L ∞ we can contract Ω ∞ with a local non-vanishing section n of the normal bundle of L ∞ to obtain a 1-form Ω ⊗ n on L ∞ with a logarithmic singularity. If we further assume that L ∞ doesn't go through any of the multiple points {x j } then around 3.4. Sobolev inequality. First we note that any PK cone g F is up to a diffeomorphism quasi-isometric to the euclidean R 4 , that is there exists a diffeomorphism P of the complement of the conical lines such that Λ −1 g euc ≤ P * g F ≤ Λg euc for some Λ > 1. This is indeed clear from the construction of g F : The spherical metric with cone singularities on CP 1 is, up to a diffeomorphism of the punctured sphere modelled on ρe iθ → ρ 1/β e iθ around the conical points and supported on a small discs centred at the L i , quasi-isometric to the round metric and we can lift this to a diffeomorphismP of
, therefore is quasi-isometric to a smooth metric in cone coordinates. More precisely, let C = ∪ j L j and ν C be its normal bundle together with a continuous Hermitian metric h smooth on C \ ∪ i {x i }. We take ǫ > 0 and identify {v ∈ ν C s.t. |v| h < ǫ} with a tubular neighbourhood C ⊂ U ǫ ⊂ CP 2 . We let Q be a diffeomorphism of CP 2 \ C supported on the complement of U ǫ and equal to v → |v|
We can patch the diffeomorphisms P and Q to obtain a diffeomorphism Ψ of CP 2 \∪ n j=1 L j such that Ψ * g ref is quasi-isometric to a smooth metric. As a consequence we have the Sobolev inequality (26)
at the {x i } and X u = 0. We have denoted X = CP 2 and X ′ = CP 2 \ ∪ i {x i } in analogy with the case of Riemannian conifolds, see [19] .
Linear Theory
and write z 1 = ρ 1/β e iθ as before. There is an induced distance d β and therefore, for each α ∈ (0, 1), a Hölder semi-norm (27) [u] α = sup
is quasi-isometric to the Euclidean metric and 27 is equivalent to the standard Hölder semi-norm with respect to the Euclidean distance.
Set
α functions in the usual sense in the cone coordinates; it is also required that u 1 = 0 on the singular set {z 1 = 0}. For (1, 1)-forms we use the basis {ǫǫ, ǫdz 2 , dz 2 ǫ, dz 2 dz 2 }. We say that the (1, 1)-form η is C α if its components are C α functions; we also require the components corresponding to ǫdz j , dz j ǫ to vanish on {z 1 = 0}. We set C 2,α to be the space of C α (real) functions u such that ∂u, i∂∂u are C α , this space of functions is also known as C 2,α,β but we clear β from the notation. It is straightforward to introduce norms: We define the C α norm of a function u α as the sum of its C 0 norm u 0 and its C α semi-norm [u] α . The C 2,α norm of a function u, denoted by u 2,α , is the sum of u α , the C α norm of the components of ∂u in and the C α norm of the components of i∂∂u.
We are interested in the equation △u = f where △ is the Laplace operator of g (β) . We define L Fix α < β −1 − 1 and let u be a weak solution of △u = f on B 2 with f ∈ C α (B 2 ). It is proved in [13] that u ∈ C 2,α (B 1 ) and there is a constant C -independent of u-such that
We mention three differences between this result and the standard Schauder estimates: (i) We don't have estimates for all the second derivatives of u, for example ∂ 2 u/∂ρ 2 .
(ii) If △u ∈ C α then the component of ∂u corresponding to ǫ needs to vanish along the singular set. (iii) The estimates require α < β −1 − 1. These differences can be explained by the fact that if p is a point outside the singular set and Γ p = G(·, p) is the Green's function for △ with a pole at p; then around points of {z 1 = 0} there is a convergent series expansion
with a j,k smooth functions given in terms of Bessel's functions. Let X be a closed complex surface and C ⊂ X a smooth complex curve, we define the Banach space C 2,α by means of a finite covering by complex coordinates adapted to C. Let g be as in Definition 2.1, around each p ∈ C we can find adapted coordinates (z 1 , z 2 ) such that
where η ∈ C α and all the coefficients of η in the basis {ǫǫ, ǫdw, dwǫ, dwdw} vanish at p. After a dilation and multiplying by a cut-off function we obtain interior estimates as in equation 28 for ∆ g . These estimates patch together to give a global parametrix and ∆ g : C 2,α (X) → C α (X) is Fredholm operator of index zero.
Weighted Hölder spaces on PK cones. Let
2 \ {0} be a PK cone with metric g F = dr 2 + r 2 g. In global complex coordinates (z, w) its singular set S consists of a bunch of complex curves (or lines) {z p = a j w q } going through the origin along which g F has cone angle 2πβ j . Fix 0 < α < min j (1/β j ) − 1.
Let U be a bounded domain compactly contained in C(Y ). Around each point p ∈ U there are complex coordinates (z 1 , z 2 ) in which g F = g (β j ) for some j if p ∈ S ∩U and g F = g euc if p / ∈ S. We fix a finite cover of U by such coordinates and define the spaces C α (U) and C 2,α (U) in the obvious way. Write B R = {r < R} for the metric ball of radius R around the apex. Consider the nested annuli A ⊂Ã with A = B 2 \ B 1 andÃ = B 4 \ B 1/2 . It follows from the interior Schauder estimates 28 that there is a constant C such that for every u ∈ C 2,α (Ã)
where ∆ is the Laplace operator of g F . Let µ ∈ R. For λ > 0 we denote by D λ the dilation D λ (r, y) = (λr,
Since Proof. Apply the interior estimate 31 to u λ,µ+2 = λ −µ−2 u λ to get
It is clear that we can replace A withÃ in equation 32 to get an equivalent norm, therefore the first term on the right hand side is bounded by f α,µ and the second term is bounded by u 0,µ+2 .
Remark 4.1. In fact we have proved that if u is locally in C 2,α , △u ∈ C α µ and u 0,µ+2 is finite, then u ∈ C 2,α µ+2 and the above estimate holds. Our next goal is to bound u 0,µ+2 in terms of f α,µ and this holds provided that µ + 2 does not belong to the discrete set of 'Indicial Roots'. In order to define this set we digress a bit and discuss some basics of spectral theory for the Laplace operator △ g of the singular metric on the 3-sphere.
On 
Proof. Write µ+2 = δ. If the result is not true then we would be able to take a sequence {u k } with u k 2,α,δ = 1, △u k = f k and f k α,δ−2 → 0. It follows from Lemma 4.1 that u k 0,δ ≥ 2ǫ for some ǫ > 0. Hence we can find x k such that r(
The key point is that u 2,α,δ = u L,δ 2,α,δ and f α,µ = f L,µ α,µ for any L > 0 and f, g any functions. So that ũ k 2,α,δ = 1 and f k α,δ−2 → 0. Let K n = B n \ B 1/n for n an integer ≥ 2. Arzela-Ascoli and the bound ũ k 2,α,δ = 1 imply that we can take a subsequenceũ k (n) which converges in C 2 (K n ) to some function u n such that △u n = 0. The diagonal subsequenceũ n (n)
is injective and Proposition 4.3 implies that its image is closed; indeed this map is an isomorphism (see [3] ) but we will not prove this as we won't need this result.
4.3.
Homogeneous harmonic functions on PK cones. [10] , [19] . If (M, g) is an m-dimensional Riemannian manifold with Ric(g) ≥ (m − 1)g, the Lichnerowicz-Obata theorem asserts that the first nonzero eigenvalue of the Laplace operator satisfies λ 1 (M) ≥ m and equality holds if and only if (M, g) is isometric to the round sphere of radius 1. An immediate consequence is that if u is a non-zero δ-homogeneous harmonic function on a Riemannian cone with non-negative Ricci curvature then δ ≥ 1 and equality holds if and only if the cone is isometric to Euclidean space. It is proved in [10] [19] that any δ-homogeneous harmonic function with 1 < δ < 2 on a Riemannian Kähler cone of non-negative Ricci curvature is pluri-harmonic. If δ = 2 then u = u 1 + u 2 with ∂∂u 1 = 0 and ξ(u 2 ) = 0, that is u 2 is ξ-invariant where ξ = rI∂ r is the Reeb vector field. If the Kähler cone is in addition Ricci-flat then the space of holomorphic vector fields that commute with r∂ r can be written as 2 p ⊕ Ip where p is spanned by r∂ r and the gradient vector fields of the ξ-invariant 2-homogeneous harmonic functions, moreover all elements in Ip are Killing vector fields. The proofs of these facts extend in a straightforward manner to the case of PK cones and we record them into the following Lemma 4.4. Let u be a µ-homogeneous harmonic function on g F . If µ > 0 then µ ≥ 1 and µ = 1 only if g F is the Euclidean metric. If 1 < µ < 2 then u is pluri-harmonic.
If µ = 2 then u = u 1 + u 2 with ∂∂u 1 = 0 and u 2 is ξ-invariant. The gradient of u 2 is an holomorphic vector field which commutes with r∂ r and whose flow preserves the conical set, if the PK cone is not a product then r∂ r is the only vector field with those properties so we must have u 2 = 0 and there are no 2-homogeneous ξ-invariant harmonic functions. In the product case one must take into account dilations of one of the factors as we explain next.
Let g F be the PK cone C β 1 × C β 2 , so that r 2 = |z 1 | 2β 1 + |z 2 | 2β 2 . Expressions are simpler if we work in the holomorphic tangent bundle, so we write Ξ = (r∂ r ) 1,0 = (1/2)(r∂ r − iξ) = ∇ 1,0 r 2 where ∇ 1,0 denotes the (1, 0)-component of the gradient with respect to g F and therefore Ξ = (1/β 1 )z 1 ∂ z 1 +(1/β 2 )z 2 ∂ z 2 . The space h of holomorphic vector fields which commute with Ξ is the C-linear span of ∂ z 1 and ∂ z 2 . Fitting with our previous discussion, we have h = span C {Ξ, ∇ 1,0 h} where
is (the unique up to a constant multiple) 2-homogeneous ξ-invariant harmonic function with respect to g F and
We introduce the subset H ⊂ I of homogeneous pluri-harmonic functions H = {δ : there is a non-zero δ-homogeneous function u with ∂∂u = 0}.
For any u ∈ H there is a corresponding v such that u+iv is holomorphic δ-homogeneous, so we refer to H as the holomorphic spectrum. It follows from Hartog's theorem that if δ ∈ H then δ ≥ 0. In the case of PK cones the holomorphic spectrum is explicit; indeed Liuville's theorem implies that any δ-homogeneous holomorphic function must be a polynomial of the complex coordinates z, w. In the regular case we must have H = {m/γ : m ∈ N 0 } and in the case of C β 1 × C β 2 we get H = {m/β 1 + n/β 2 : m, n ∈ N 0 }. 
with X u = 0 such that ∆u = f . Let Φ i be affine coordinates centred at the multiple points. We use the maps Φ i (see section 3) to identify a neighbourhood of a multiple point x i with a ball B i = {r < 1} in the corresponding PK cone g F i , we can assume that 3B i are pairwise disjoint. As in section 3 we let χ be a smooth function on CP 2 with values in the interval [0, 1] with
N be the number of multiple points. For µ = (µ 1 , . . . , µ N ) ∈ R N we define For each multiple point x i we have g
j is the homogeneity of the corresponding harmonic functions on g F i and D i = {µ
is the set of indicial roots. Define I i : R → Z as
where m i (δ) denotes the dimension of the corresponding vector space of δ-homogeneous harmonic functions. Set
is Fredholm. Moreover, the index is locally constant on F and ind(∆) = − i I i (µ i ). The proof of these facts follows as in the standard conifold case (see [23] , [4] ) once we are provided with Donaldson's interior Schauder estimates (equation 38) together with the weighted estimate given by Proposition 4.3.
Let P i be the space of δ-homogeneous plurisubharmonic functions on g F i with δ ∈ [0, 2]. Note that P i is made up of contant and possibly also linear functions in C 2 . Let µ i > 0 such that (2, 2 + µ i ] ∩ D i = ∅ for all i. Consider the vector space (40)
where
These spaces are finite dimensional extensions of the subspaces of functions in C 2,α µ and C α µ respectively with zero average. We fix any norm on the finite dimensional factors so that they become Banach spaces.
This result is a straightforward consequence of the previous description of the co-kernel of ∆ ω in terms of homogeneous harmonic functions in a neighbourhood of the multiple points together with Lemma 4.4 and the discussion after it. See [19] .
5. Yau's continuity path 5.1. Initial metric. For each multiple point x i we let G i the connected component of the transverse automorphism of the PK cone g F i , that is the holomorphic automorphisms of C 2 that commute with the 1-parameter group generated by the Reeb vector field and preserve the conical set. More explicitly the automorphisms in G i are P i (z 1 , z 2 ) = (λ i,1 z 1 , λ i,2 z 2 ) with λ = (λ i,1 , λ i,2 ) for some λ i,1 , λ i,2 > 0 and
We set M to be the space of functions u of the form
with u ∈ C 2,α µ+2 , P i ∈ G i , p i ∈ P i , ω + i∂∂u > 0 and X u = 0. We also let
The Monge-Ampère operator is
The facts are that M and N are Banach manifolds and M : M → N is a C 1 map. The tangent spaces at the origin are given by equations 40 and 41 respectively. We have M(0) = 0 and δM| 0 = ∆ ω .
Write ω 2 = e −f Ω ∧ Ω. We have normalized so that X ω 2 = X Ω ∧ Ω, hence X (e f − 1)ω 2 = 0. It follows from lemma 3.5 that the Ricci potential f = f + i f x i of the reference metric ω = ω ref belongs to N , indeed in a neighborhood of x i we have that f = h i is a pluriharmonic function vanishing at the origin so we can take any 0 < µ < 1. Decreasing the Hölder exponent and the weight in C α µ we might assume that f can be aproximated to arbitrary order by h ∈ C ∞ c (X ′ ), that is for any ǫ > 0 there is a function h smooth in complex coordinates vanishing in a neighborhood of the multiple points such that f − h < ǫ.
Let f 0 = h + i f x i . We take ǫ > 0 small and use proposition 4.5 together with the implicit function theorem to solve for (ω + i∂∂φ 0 ) 2 = ce f −f 0 ω 2 with φ 0 ∈ M and the constant c > 0 is determined by integration over X and lies in e −ǫ ≤ c ≤ e ǫ .
Lemma 5.1. The initial metric ω 0 = ω + i∂∂φ 0 has the following properties:
The first item follows by construction and the second and third items are an immediate consequence of the expression for φ 0 in equation 42. The function f 0 is the Ricci potential of ω 0 , that is Ric(ω 0 ) = i∂∂f 0 . We already mentioned that f 0 is smooth in complex coordinates and is constant f 0 ≡ f x i in a neighbourhood of each multiple point, in particular this implies that Ric(ω 0 ) ω 0 ≤ C. The property of ω 0 having uniformly bounded Ricci curvature is its main advantage over the reference metric ω ref .
5.2.
The a priori estimates. We set ω 0 to be the intial metric in lemma 5.1. We change f 0 to f 0 − log c so that ω Write u t ∈ M as in equation 42
The main result of this section is the following: Proposition 5.2. There is C > 0 independent of t ∈ T such that u t 2,α,2+µ ≤ C, C −1 ≤ λ i,1 (t), λ i,2 (t) ≤ C and p i (t) ≤ C where the last estimate is with respect to any fixed norm in the finite dimensional vector space P i .
Proof. There are five steps, the first three are the C 0 , C 2 and C
2,α
estimates which together give us the point-wise bound u t 2,α ≤ C. The last two steps are the weighted estimates u t 0,2+µ ′ ≤ C and finally u t 2,α,µ+2 . The details go as follows: 
The integration by parts is valid due to our mild singularities, see [6] . Since the initial metric ω 0 has uniformly bounded Ricci curvature we easily deduce that Ric(ω t ) ≥ −C 2 ω ref . The Chern-Lu inequality tells us that:
We take A = C 1 + C 2 + 1. We want to show that H = tr ωt (ω ref ) − Aũ t is uniformly bounded above. Since H(y) → log 2 as y → x i , we can assume that H attains its global maximum away from the multiple points. Moreover, by Jeffres' barrier trick (see [21] ) we can assume that the maximum is not attained in the conical set. At the point of maximum x we have It is a direct consequence of
On the other hand the C 0 together with the C 2 -estimate give us a uniform bound on the gradient of u t . Sine the P i are made up of constant and linear functions and u t together with its gradient vanish at the multiple points, we conclude that p i (t) ≤ C.
• u t C 2,α loc (X ′ ) ≤ C. More precisely, for any compact K ⊂ X ′ we have a uniform bound [∂∂u t ] α,K ≤ C and for points p in a neighbourhood of x i we have [∂∂u t ] α,B(p,r i (p)/2) ≤ C. These estimates are an immediate consequence of the interior Schauder estimates for the Monge-Ampère operator, see [9] .
Note: Before proceeding with the weighted estimates we remark that the automorphisms of the PK cones preserve the weighted function spaces we have introduced and, since the automorphisms remain bounded, the norms defined with respect to the identifications Φ i • P i (t) −1 are uniformly equivalent. We also observe that if we replace u t by u t we have ω with f t uniformly bounded.
• u t 2+µ ′ ,0 ≤ C where µ ′ is any fixed tuple of positive numbers with 0 < µ ′ < µ. This estimate follows from a weighted Moser iteration, the argument goes back to theorem 8.6.6 in [23] . We introduce a weight function 0 < ρ ≤ 1 on X ′ with ρ ≡ 1 away from the multiple points and ρ = r i in a neighbourhood of x i . We introduce the norm
We let δ = 2 + µ ′ so that u t ∈ L p δ for any p sufficiently large. The Sobolev inequality together with an integration by parts argument lead to u t
, as noticed by Joyce [23] the uniform bound ∂∂u t ω 0 ≤ C obtained before is necessary to derive the inequality. The estimate u t δ,0 = lim p→∞ u t L p δ ≤ C follows by induction as in the C 0 case. • u t 2,α,µ+2 ≤ C. Given the previous u t µ ′ +2,0 ≤ C bound, this is a non-linear analogue of lemma 4.1. The argument goes back to theorem 8.6.11 in [23] . We write the equation ω where △ u/2 is the Laplace operator of ω u/2 = ω 0 + i∂∂(u/2) and
We have a bound on the C 2,α loc (X ′ ) norm of u which give us a C α bound on the coefficients of △ u/2 . The interior Schauder estimates give us
with a constant C independent of p. We multiply 49 by ρ(p) −µ ′ and use the previous C 0 δ -estimate to obtain the bound ∂∂u t α,µ ′ ≤ C. We improve the weight on the estimate by writing the equation ω Proof of Theorem 1.1. The set T is non-empty with u 0 ≡ 0, it is open thanks to Proposition 4.5 and it is closed because of Proposition 5.2. We conclude that T = [0, 1], in particular 1 ∈ T and we set ω RF = ω 1 with Ψ i = Φ i • P i (1) −1 . The rate µ at x i can be taken to be any positive number 0 < µ < min{λ − 2, 1} where λ is the first growth rate bigger than two of a non-zero homogeneous harmonic function on the PK cone g F i . The restriction that µ < 1 comes from the fact that the Ricci potential of the reference metric can be written as f = f + i f x i with f x i constant and f ∈ C α δ for some δ ≥ 1. Remark 5.1. If a line arrangement {L j } n j=1 is invariant under a nontrivial C * -action then it is given by a collection of lines in C 2 going through the origin and possibly also the line at infinity. In any case there are at least n − 1 lines going through a point and there are no possible values of 0 < β j < 1 that make (CP 2 , n j=1 (1 − β j )L j ) a klt log CY pair, that is equations 1 and 3 are satisfied. We conclude that none of the arrangements considered in theorem 1.1 is invariant under a non-trivial C * -action. Following [13] , we can appeal to theorem 4.5 together with the implicit function theorem to show existence of Kähler-Einstein metrics for small perturbations of the cone angles. This matches with [16] , since small perturbations which are log Fano ( n j=1 (1 − β j ) < 3) are necessary log K-stable according to theorem 1.5 in [16] . Moreover, let us note that this also gives the first examples of singular (non-orbifold or log-smooth) KE metrics which are non-Ricci flat for which a polynomial decay of the metric at the tangent cones is obtained.
Chern-Weil integrals
6.1. Energy formula. Recall that the energy of a Riemannian manifold (M, g) is defined as
This is a scale invariant quantity in four real dimensions. If g is a smooth Ricci-flat metric on a closed 4-manifold then its energy is equal to the Euler characteristic of the manifold, that is E(g) = χ(M). In this section we discuss a Chern-Weil type formula for the energy of the metric g RF in theorem 1.1. It follows from the polyhomogeneous expansion that the energy distribution |Riem(g RF )|
2 is locally integrable at points of L × j . Indeed the polyhomogeneous expansion implies that |Riem(g RF )| = O(ρ 1/β j −2 ) and the local integrability follows by comparison with 1 0 ρ 2/β j −3 dρ < +∞ We shall argue, using the strong asymptotics given by our proof of theorem 1.1, that the energy distribution is also locally integrable at the multiple points. The upshot is that g RF would be of finite energy and its energy equal to:
where ν i denotes the volume density of the Ricci-Flat metric at the multiple points x i . The right hand side of equation 51 can be interpreted as a 'logarithmic' Euler characteristic where points are weighted by the volume density of the metric, similarly to the Gauss-Bonnet formula for conical metrics on Riemann surfaces. More explicitly the volume density at a point p is equal to
Outline of proof of equation 51. Let ∇ be the Levi-Civita connection of g RF and F ∇ be its curvature. The metric is anti self-dual and we have the point-wise identity |Riem(g)| 2 dV g = −tr(F ∇ ∧ F ∇ ). The energy is given by the Chern-Weil integral
We remove small balls around the multiple points and let Z = CP 2 \ ∪ i B(x i , ǫ). We have the following
where II denotes the second fundamental form of ∂B(x i , ǫ) ⊂ Z and R is the restriction of the ambient curvature operator thought as a symmetric two tensor by means of the three dimensional Hodge star operator. The above formula for E(g| Z ) results from a mix of the case of smooth metrics on compact manifolds with boundary (see equation 5.16 in [2] ) with the case of metrics with conical singularities along a smooth complex curve in a closed surface (see [36] ).
The boundary contribution corresponds to the Chern-Simons integral
On the other hand, it is easy to see that for a P K cone g F = dr 2 + r 2 g we have
for any r > 0. IndeedR g F ≡ 0 and det(II g F ) ≡ 1/r 3 . Assume that g is asymptotic in a suitable sense to g F at p = x i . Equation 51 follows if we show that we can replace the boundary integral of g with that of g F in the limit as ǫ → 0. Our proof of theorem 1.1 give us control on the decay of the Kähler potential φ of g RF up to second order derivatives ∂∂φ. At this point we require further control on derivatives of φ up to fourth order. Special care must be taken with derivatives in transverse directions to the conical set. We examine the terms corresponding to det(II) and II,R separately:
• Since the vector field ∂ r is tangent to the conical set, we can upgrade the asymptotics in 4 to
• Similarly we show that ∂B(0,ǫ) II g ,R g = O(ǫ µ ). The point is that the curvature only involves mixed complex derivatives that one can estimate via Donaldson's interior Schauder estimates and a bootstrapping argument.
Ordinary double points. We consider the generic case, that is d i = 2 for all i. We have
The second term in equation 51 is (3 − n) n j=1 (β j − 1) = 3(n − 3). On the other hand
It is easy to check that
This matches with Tian's formula (equation 2.6 in [40] )
In our case M = CP 2 and D j = L j . We identify H 4 dR (M) ∼ = R via integration, Sing(D j ) = 0 since the singular locus of D j is empty and the adjunction formula gives us
It is then easy to check that c 2 (M, g) given by equation 53 is equal to E given by equation 52.
Write t j = 1 − β j , so n j=1 t j = 3 and 0 < t j < 1. Since t 2 j < t j for each j we have 2E = 3 − n j=1 t 2 j > 0. The energy is a concave function of t 1 , . . . , t n and attains its maximum when t j = 3/n for all j, its infimum is 0 and it's not attained. Note that the value β = n−3 n is the Calabi-Yau threshold for hypersurfaces of degree n in CP 2 . If g s is a sequence with E(g s ) → 0 as s → ∞ the we can relabel so that the corresponding t j → 1 for j = 1, 2, 3 and t j → 0 if j ≥ 4 as s → ∞, which corresponds to the sequence g s converging (after rescaling to avoid collapsing) to C * × C * with its flat metric (S 1 × R) 2 .
6.2. Parabolic bundles. Let X be a complex surface and D = ∪ k D k ⊂ X a finite collection of smooth irreducible complex curves with normal crossing intersections. Let E be a rank two holomorphic vector bundle on X. A collection of holomorphic line sub-bundles L k ⊂ E| D k together with weights 0 < α k < 1 endows E with the structure of a parabolic bundle. Much of the standard theory on holomorphic vector bundles has been extended to this setting. In particular there are parabolic versions of: Chern classes, slope stability, Bogomolov-Gieseker inequality and Hitchin-Kobayashi correspondence. See [34] and references therein. It is a standard fact that ω is a smooth KE on X if and only if (T X, h) is a Hermitian-Einstein vector bundle over (X, ω) where h is the Hermitian metric defined by ω. In particular, the tangent bundle of a KE manifold is slope stable with respect to the polarization determined by the Kähler class. There is a natural extension to the case of a KEcs on X with cone angle 2πβ along a smooth divisor D ⊂ X. The parabolic structure on T X is given by L = T D ⊂ T X| D with weight α = 1 − β. The KEcs metric induces a Hermitian metric on T X compatible with the parabolic structure and it satisfies the HermitianEinstein equations. See section 6 in [24] .
In the more general setting of a weak KEcs metric on a klt pair we expect to be a natural parabolic structure (endowed with a compatible Hermitian-Einstein metric) on the pull-back of the tangent bundle to a log resolution of the pair. We restrict the discussion to our case at hand, namely a weighted line arrangement such that (CP 2 , n j=1 (1 − β j )L j ) is a log Calabi-Yau klt pair. We follow [34] :
Let π : X → CP 2 be the blow-up at the multiple points x i of the arrangement with multiplicity d i ≥ 3. Let D = ∪ n+m j=1 D j ⊂ X be the union of the proper transforms of the lines D 1 , . . . , D n together with the exceptional divisors D n+1 , . . . , D n+m . We let E = π * T CP 2 and note that E| D j ∼ = T X| D j if j = 1, . . . , n and E| D j ∼ = C 2 (the trivial rank two vector bundle) if j ≥ n + 1. We define a parabolic structure on E, denoted by E * , by letting L j = T D j , α j = 1 − β j if j = 1, . . . , n and for j ≥ n+ 1 we set L j = C, α j = 1 −γ i where π(D j ) = x i and γ i is given by equation 6. The parabolic Chern numbers of E * are computed in Proposition 7.1 in [34] , parch 1 (E * ) = 0 and parch 2 (E * ) is equal to the right hand side in equation 51. It is proved in [34] that E * is stable with respect to an appropriate polarization. The identity E(g RF ) ≥ 0 is equivalent to the Bogomolov-Gieseker inequality
Weak KE metrics on klt pairs. Let X be a projective surface, for simplicity we restrict to the case where X is smooth (rather than normal). Consider an R-divisor D = n j=1 (1 − β j )D j , where D j ⊂ X are distinct complex irreducible curves and 0 < β j < 1. Write C = Supp(D) = ∪ n j=1 D j and let Sing(X, D) be the finite set of points at which the curve C is singular, that is the points at which either one of the irreducible curves is singular or where at least two intersect. In complex coordinates centered at p ∈ C we have defining equations D j = {f j = 0} ) and C = {f = 0} with f = n j=1 f j . The pair (X, D) is said to be klt if for every p ∈ Sing(X, D) the function
is locally Lebesgue integrable around 0 ∈ C 2 . At non-singular points of C this local integrability condition is automatically satisfied since 0 < β j < 1.
The first Chern class of the pair is defined as
A weak conical KE metric on (X, D) is a smooth Kähler-Einstein metric with Ric(g) = λg on the complement of C such that in complex coordinates (z, w) around p ∈ C, g has a continuous Kähler potential and
with F a positive continuous function. We consider the following cases:
There is a unique weak conical KE metric with λ = −1. and partially proved (see [37] for the smoothable setting for D plurianticanonical and, in more generality, the recent pre-print [28] ) that there is a unique weak conical KE metric with λ = 1. The weak KE metric induces a distance d on X \ C and it is natural to expect that the metric completion of (X \ C, d) is homeomorphic to X. We want to understand the metric tangent cones of g at points in C. Without any further assumptions, if p ∈ D j \ Sing(X, D) then the regularity theory for conical metrics implies that T p (X, g) = C β j × C. At present, there is no result that always guarantees the existence of a tangent cone at points in Sing(X, D). If we assume g is a non-collapsed limit of a sequence of KE metrics with cone angle 2πβ along smooth curves C ǫ ⊂ X with C ǫ → C = ∪ n j=1 D j as ǫ → 0, then we can appeal to [7] and [8] to ensure the existence of tangent cones; but this imposes strong restrictions on the angles β 1 , . . . , β n (if C ǫ converges to D j with multiplicity k then 1 − β j = k (1 − β) ). More generally, one could consider the case when g is the limit of KEcs on log smooth pairs and appeal to results announced in [28] .
Dependence of C(Y ) on the singularity and the value of the cone angle. In analogy to [14] we conjecture that the tangent cone T p (X, g) is uniquely determined by the curve singularity at p and the cone angle parameters. In higher dimensions we expect T p (X, g) = C(Y ) to be a metric cone over a 'conical Sasaki-Einstein' manifold (Y, g). In our case, it is possible to argue that C(Y ) must be a PK cone.
From an algebro-geometric point of view, by the recent theory developed in [27] , the tangent cone T p (X, g) could be in principle understood by looking at the infimum of normalized volume of valuations centered at the point p ∈ (X, D). r n /n! its volume. The infimum is actually a minimum [5] . This new invariant of klt singularities depends only on the local germ of the pair at p, and it correspond to the value of the local density ν of the metric at p up to the multiplicative constant n n [19, 29] . Jumping phenomena of the tangent cone, i.e., when the tangent cone is not locally biholomorphic to a neighborhood of the singularity, can be seen to happen already in our two dimensional log case.
In the following conjectural examples we fix f ∈ O C 2 ,0 and study the natural different C(Y )s cone associated to such curve as we vary the angle β. Naively, our candidate for C(Y ) is the PK cone whose conical set 'best approximates' {f = 0}. We write f = P d +higher order terms, with
Case f is irreducible in O C 2 ,0 . We change coordinates so that P d = w d . We have a Puiseux series w = a e t e + . . . with t = z d and d < e. The curve C = {f = 0} is 'approximated by' C ′ = {w d = az e } for some a ∈ C. The klt condition on the pair (C 2 , (1 − β)C) requires that
loc } is the log canonical threshold and according to [25] l.c.
Let us try to guess the natural choice of the best approximating C(Y ) cones from differential geometry. When 1 − 1/d − 1/e < β < 1−1/d+1/e =: β * there is a quasi-regular PK cone metric g F with cone angle 2πβ along C ′ and we set C(Y ) = g F . It corresponds to a spherical metric g 1/e,1/d,β on the Riemann sphere with three conical singularities of angle 2π(1/e), 2π(1/d) and 2πβ. More precisely, g 1/e,1/d,β lifts to a regular PK cone in C 2 ,g F , with cone angles 2π(1/e) along {u = 0}, 2π(1/d) along {v = 0} and 2πβ along {v = au}. Therefore, for β * ≤ β < 1, we naturally set
. Thus β = β * is the value of the parameter for which see the jumping of the best approximating cone C(Y ).
Note that the volume density of such Calabi-Yau cones when β varies is given by:
where 2γ = 2 + (1/e − 1) + (1/d − 1) + (β − 1) and γ * = dβ + 1 − d. Now we try to make a similar computation using valuations. Similarly to [27] section 5, we can consider monomial valuations induced by the (x, y)-weighted scaling action on the ambient C 2 . We have vol(ν x,y ) = 1/xy, and the log-discrepancy is equal to A D (ν x,y ) = x + y − (1 − β) min{dx, ey}. Thus the computation which should give the volume density corresponds to minimize the function (56)
F (x, y) = (x + y − (1 − β) min{dx, ey}) 2 4xy for x, y > 0. It is now straightforward to check that, when β < β * , the minimum is achieved at y = d e x and the value of F at that point is equal to
, while for β ≥ β * the minimum is achieved at y = (dβ + 1 −d)x and the value of f at that point is equal to dβ + 1 −d. Thus the minimum of f coincides with the volume density computed before, as it should be. Remark 7.1. Assuming the existence of tangent cones, the above algebraic computation, thanks to the results of [29] , can possibly be used to see that the tangent cones agrees with the one we described. However, even in such case and under non-jumping assumptions, the result of our main theorem 1.1 are stronger, since they give more information on the asymptotic of the metric.
We introduce the klt region
(β j − 1)} and the Troyanov region
These are convex polytopes and T ⊂ K. If (β 1 , . . . , β d ) ∈ T there is a unique spherical metric g β 1 ,...,β d on CP 1 with cone angles 2πβ 1 , . . . , β d at L 1 , . . . , L d and we set C(Y ) to be the corresponding regular PK cone. The area of g β 1 ,...,β d is 4πγ where γ is given by equation 12. We divide
(1−β j ). Finally, the volume density function is
One can perform computations using valuations similar to the one we did before, and see the emergence of Troyanov's stability conditions.
Non-transverse reducible case, e.g., f = y(y − x 2 ). Suppose we put the parameter β 1 along y = 0 and β 2 along y = x 2 . Then we can apply the covering trick as before using the map (u, v) = (x 2 , y) and looking for PK cone metrics on C 2 with cone angles equal 1/2 along u = 0, β 1 along v = 0, and β 2 along u = v. Using the Troyanov conditions we see that we have a PK cone metric if (β 1 , β 2 ) are in the squared rhombus β 2 > ±β 1 ∓ . The value of the metric density is equal to ν = 1 8
2 , and it vanishes precisely on the collapsing boundary corresponding to the klt condition, as usual. Note that we have three exit possibilities corresponding to the jumping of the tangent cones: if we leave from the wall
, by using similar argument as before, we see that tangent cone should be given by C × C β 2 +β 1 −1 , corresponding to the geometric naive picture of cone angles merging. On the other hand, leaving from the boundary
, we see that the tangent cone should be given by the product of two flat cones C 2β 2 −1 ×C β 1 . By symmetry, leaving at
gives as cones
Finally, one should consider the general case where we have a bunch of singular non-reduced non-transverse local curves at p. We expect that by performing similar analysis as we did in the previous paragraph, one could give a nice description of the expected behavior of the tangent cones. However, we haven't investigated in details this situation further.
As we mention in the introduction, the actual proof of our main theorem 1.1 doesn't make deep use of the fact that the ambient space is the projective space or that the singularities are multiple points of lines. Thus, in more generality, we can state the following Theorem 7.1. Let (X, D) be a log klt Calabi-Yau surface with smooth ambient space X. Assume that locally analytically the singularities are modeled on PK cones. Then, for each Kähler class, there exist a unique Ricci-flat metric asymptotic to the PK model cones.
In particular, for example, D could have A k -singularities w 2 = z k+1 in the 'stable range':
An immediate consequence of equation 58 is a logarithmic version of the Bogomolov-Myaoka-Yau inequality which matches with theorem 0.1 in [26] . More precisely Langer asserts that is an immediate consequence of equation 58 provided that the local orbifold Euler number agrees with the volume density. We have checked that e orb (p; X, D) = ν(p) in all cases contemplated in sections 8 and 9 in [26] . However our approach has the advantage of interpreting the equality case in equation 60 as a characterization of the conically singular constant holomorphic sectional curvature metrics and provides a unified framework for previous treatments on these interesting geometries (which to the authors' knowledge have only been considered in [34] and [11] ).
Chern-Weil formulas and weighted invariants in higher dimensions. We expect in higher dimension that the BMY inequality in the logarithmic setting (as the one considered in [18] ) can also be improved by modifying the second Chern class by weighting the codimension one singularities of the divisor of the pair with the volume density/infiumum of normalized volume of valuations (which should be the same at the generic point, see [30] ). More generally, it is reasonable to expect that it would be interesting to consider 'weighted Chern classes', using the volume density/infiumum of normalized volume of valuations, which should compute Chern-Weil integrals for nice Kähler metrics on klt pairs. This is interesting also in the absolute (i.e., non-conical) case. Here e denotes the Euler characteristic with compact support and Q the algebraic closure of the rational number. The above formula makes sense provided that the following two natural properties hold: the infiumum of normalized volume of valuations ν is a constructible function on X and ν takes only finitely many values within (0, 1]. Moreover, since we expect the normalized volume satisfies ν X×Y = ν X ν Y , we would have that the weighted Euler characteristic is multiplicative under products (similarly for finite coverings), thus giving a potentially interesting new motivic invariant of singular klt varieties. In two dimensions, note that e ν (X, D) = c 2 (X, D) of formula 59. Moreover, such invariant e ν (X, D) should agree with the Chern-Weil integral of the form representing the top Chern class of a Kähler metric with the right tangent cones. For some results which share some similarity with the picture above described see [32] . (1 − β j ) = 2.
The basic fact (see [41] ) is that there is a correspondence between the moduli space of configurations of n distinct ordered points in the projective line M 0,n and flat metrics of a fixed volume on the two sphere with cone angles 2πβ 1 , . . . , 2πβ n . To make this correspondence a bijection one needs to quotient M 0,n by the action of elements of the symmetric group which permute points with equal cone angle, but we shall ignore this fact (or either restrict to the case where all cone angles are distinct). The point is that M 0,n has a natural structure of a non-compact complex affine variety (of complex dimension n − 3) and the above correspondence provides a natural Gromov-Hausdorff completion M β,GH 0,n which we would like to understand from an algebraic perspective.
The correspondence between configurations of points and polyhedral metrics is quite explicit: Given x 1 , . . . , x n ∈ CP 1 we take an affine coordinate ξ such that ξ(a j ) = x j with a j ∈ C and define (62) g = |ξ − a 1 | 2β 1 −2 . . . |ξ − a n | 2βn−2 |dξ| 2 .
It is easy to check that g is a flat metric on CP 1 with cone angle 2πβ j at x j and it is also easy to prove that it is unique up to scaling by a constant factor. Equation 61 guarantees that g extends smoothly over ξ = ∞. 3 We can write the volume form of g as ω = iΩ ∧ Ω where Ω 3 We make the aside remark that if 0 < n j=1 (1 − β j ) < 1 then the metric g given by equation 62 defines a flat metric on C asymptotic to the cone C γ with is the locally defined holomorphic 1-form (63) Ω = (ξ − a 1 ) β 1 −1 . . . (ξ − a n ) βn−1 dξ.
Any metric given by equation 62 is isometric to either the boundary of a convex polytope in R 3 or the double of a polygon. The second case arises precisely when we can move the conical points with a Möbius map so that a 1 , . . . , a n ∈ R; then g is invariant under ξ → ξ and its restriction to the upper half space is equal to the pull-back of the euclidean metric by the Riemann mapping F : H → R where R is the polygon whose double recovers g and F is the Schwarz-Christoffel integral
which we can also think as the enveloping map for g. It was shown by Thurston [39] that M β,GH 0,n has a natural structure of a complex hyperbolic cone manifold. There is a smooth complex hyperbolic metric g β on M 0,n specified by coordinates to CH n−3 given by the periods a j a i Ω. The metric g β has conical singularities along a boundary divisor which represents collisions between at least two conical points, this divisor has a further stratification labelled by partitions P of {1, . . . , n} which record the set of points colliding. The conical angle of g β at points of the boundary divisor is given explicitly in terms of β and P. If there is no B ⊂ {1, . . . , n} such that j∈B (1 − β j ) = 1 then M β,GH 0,n is compact and it is natural to relate it (for rational values of the angles) to the GIT quotient of P 1 × . . . P 1 with polarization O(1 − β 1 ) × . . . × O(1 − β n ).
In higher dimensions we consider Calabi-Yau (and more generally Kähler-Einstein) metrics with conical singularities along hyperplane arrangements. Under appropriate numerical conditions on the cone angles there is a correspondence between line arrangements and KEcs. In the Fano case Fujita [16] has shown that log K-stability of a hyperplane arrangement is equivalent to GIT stability of the corresponding configuration in (P n ) * ×. . . (P n ) * with polarization O(1−β 1 )×. . .×O(1−β n ) and this indicates that the Gromov-Hausdorff compactification of the corresponding KEcs agrees with this GIT quotient. QGM Centre for Quantum Geometry of Moduli Spaces, Aarhus University E-mail address: mdb@qgm.au.dk; c.spotti@qgm.au.dk
